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Abstract

We present a general model-independent approach to thesenal data in cases
when these data do not appear in the form of co-occurreneegoofdriablesX, Y,
but rather as a sample of values of an unknown (stochastic}iobn Z(X,Y"). For
example, in gene expression data, the expression kei&h function of geneX
and conditionY’; or in movie ratings data the rating is a function of viewerX
and movieY. The approach represents a consistent extension of therafion
Bottleneck method that has previously relied on the aviitglof co-occurrence
statistics. By altering the relevance variable we elirrértbe need in the sample of
joint distribution of all input variables. This new formtilan also enables simple
MDL-like model complexity control and prediction of misgiwvalues ofZ. The
approach is analyzed and shown to be on a par with the bestrknmstering
algorithms for a wide range of domains. For the predictiormiésing values
(collaborative filtering) it improves the currently bestam results.

1 Introduction

In the situation of information explosion that charactesirodays world, the need for automatic tools
for data analysis is more than obvious. Here, we focus on smpervised analysis of data that can be
organized in matrix form. Clearly, this broad definition eos various types of data. For instance, in
text analysis data, the rows of a matrix correspond to wahgsgolumns to different documents, and
entries indicate the number of occurrences of a particutadvn a specific document. In a matrix
of gene expression data, rows correspond to genes, columveribus experimental conditions,
and entries indicate expression levels of given genes iengoonditions. In movie rating data,
rows correspond to viewers, columns to movies, and entnigisate ratings made by the viewers.
Finally, for financial data, rows correspond to stocks, ouis to different time points, and each
entry indicates a price change of a particular stock at angivee point.

While the text analysis case is a classical example of coroeece data, the remaining examples
are not naturally interpreted that way. Typically, a norimed words-documents table is used as
an estimator of a words-documents joint probability disttion, where each entry estimates the
probability of finding a given word in a given document, whaes¢he words are assumed to be inde-
pendent of each other [1, 2]. By contrast, values in a finddeita matrix are a general function of
stocks and days and in particular might include negativeerigal values. Here, the data cannot be
regarded as a sample from a joint probability distributibatocks and days, even if a normalization
is applied. Though it can be argued that each entry of theixriata sample from a joint probability
distribution of three variables: stock, day, and price ¢feanthe degenerate nature of this sample
must be taken into account: the rate change of a given stoakgdren day occurs only once and no
statistics exist. Therefore the joint probability distriilon of the three variables cannot be estimated



by direct sampling. A similar argument applies to surveyadiéte movie ratings. In this case the
sample might be even more degenerate, with many “missingesg| since not all the viewers rate
all the movies. Although gene expression data can be caesides a repeatable experiment, very
often different experimental conditions correspond toyame single column in the matrix. Thus
once again a single data point represents the joint statisfithree variables: gene, condition, and
expression level.

Nevertheless, in most such cases there is a statisticibredhip within rows and/or within columns
of a matrix. For instance, people with similar interestsiaggply give similar ratings to movies
and movies with similar characteristics give rise to simiing profiles. Such relationships can be
exploited by clustering algorithms that group togethetilsinmows and/or columns, and furthermore
make it possible to complete the missing entries in the m&fi

The existing clustering techniques can be classified inteetimajor categories. (i) Similarity, or
distance-based methods, require a pre-defined similargsore that can be applied to all data
points and possibly to new points as well. The nature of tséadce measure is crucial to these
techniques and inherently requires expert knowledge oéfipdication domain, which is often un-
available. (ii) Generative modeling techniques in whichpadific class of statistical models is
chosen to describe the data. As beforeaamiori choice of an appropriate model is far from ob-
vious for most real world applications. (iii) An alternagiline of study, relevant to our work, is the
Information Bottleneck (IB) approach [4] and its extensioinstead of defining the clustering ob-
jective through a distortion measure or data generatioogs®) the approach suggests using relevant
variables. A tradeoff between compression of the irreleaad prediction of the relevant variables
is then optimized using information theoretic principlésportantly, the definition of the relevant
variable is often natural and obvious for the task at hand,iamurn the method yields the optimal
relevant distortion for the problem.

Since the original work in [4], multiple studies have higffiied the theoretical and practical im-
portance of the IB method, in particular in the context ofstéu analysis [2, 5, 6, 7, 8]. However,

the original formulation is based on the availability of aceurrence data. In practice a given co-
occurrence table is treated as a finite sample out of a josttilution of the variables; namely

row and column indices. Unfortunately, as mentioned abthis,assumption does do not fit many
realistic datasets, thus preventing a direct applicatfadheIB approach in various domains.

To address this issue, in [9] a random walk over the data padntlefined, serving to transform
non co-occurrence data into a transition probability matnat can be further analyzed via an IB
algorithm. In a more recent work [10] the suggestion is madese the mutual information between
different data points as part of a general information-tego treatment to the clustering problem.
The resulting algorithm, termed thelust algorithm, was demonstrated to be superior or comparable
to 18 other commonly used clustering techniques over a veidge of applications where the input
data cannot be interpreted as co-occurrences [10]. Honew#r of the approaches have limitations
— Iclust requires a sufficient amount of columns in the matrix foraiglie estimation of the informa-
tion relations between rows, and the Markovian Relaxatigorghm involves various non-trivial
steps in the data pre-process [9].

Here, we suggest an alternative approach, inspired bgntihievariate IB framework [8]. The mul-
tivariate 1B principle expands the original IB work to haedlituations where multiple systems of
clusters are constructed simultaneously with respectfterdnt variables and the input data may
correspond to more than two variables. While the multiverl& was originally proposed for co-
occurrence data, we argue here that this framework is richugimto be rigorously applicable in
the new situation. The idea is simple and intuitive: we lookd compact grouping of rows and/or
columns such that the product space defined by the resultistecs is maximally informative about
the matrix content, i.e. the matrix entries. We show that pnoblem can be posed and solved within
the original multivariate 1B framework. The new choice ofef@nce variable eliminates the need
to know the joint distribution of all the input variables (igh is inaccessible in all the applications
presented here). Moreover, when missing values are prakerdinalysis suggests an information
theoretic technique for their completion.

We explore the application of this approach to various dosaror gene expression data and finan-
cial data we obtain clusters of comparable quality (meakasscoherence with manual labeling) to



those obtained by state-of-the-art methods [10]. For mmtieg matrix completion, performance
is superior to the best known alternatives in the collalegdiitering literature [11].

2 Theory

2.1 Problem Setting

We henceforth denote the rows of a matrix iy the columns by, and the matrix entries by
Z (and smallz,y and z for specific instances). The number of rows is denotedhpynd the
number of columns byn. We regardX andY as discrete coordinate space aniflX,Y) as a
function. Generalization to higher dimensions and comtirsucoordinates is readily possible, but
not discussed here. For a given matrix, a tovand a columry, the value of:(z, y) is assumed to
be deterministic. This can be relaxed as well.

The objective is to find “good” partitions of th&-Y space that will be informative with respect
to the function valueZ (X,Y’). The partitions are defined by grouping of rows into clusters
rows C and grouping of columns into clusters of columbs The complexity of such partitions
is measured by the sum of the weighted mutual informationest!(X;C) + mI(Y; D). For
the hard partitions considered in the paper this sum is tinebeun of bits required to describe the
partition (see [12]). The informativeness of the partiidsmeasured by another mutual information,
I(C,D; Z). In these terms, the goal is to find minimally complex pavti§ that preserve a given
information level about the matrix valugs. This can be expressed via the minimization of the
following functional:

min  nI(X;C)+mI(Y;D)— BI(C,D;Z), Q)
q(clz),q(d]y)
whereg(c|z) is the mapping of rows: to row clusters:, ¢(d|y) is the mapping of columng to

column clustergl, andg is a Lagrange multiplier controlling the tradeoff betweempression and
accuracy.

We first derive the relations between the quantities in thevaloptimization problem and then
describe a sequential algorithm for its minimization. W# sfick to the following notation con-
ventions: p is used for distributions that involve only input paramstand hence do not change
during the analysig is used for empirical distributiong,for the sought mapping distributions and
¢ for empirical distributions dependent on the sought magginBy the definition of the mutual
information [12]:

~ Zp q(c|z)log q(c\x)'

Zp q(clx) log i

We define the indicator function:

Lo = 1, if the entry (x,y) is present in the matrizx
YT 0, if the entry (z,y) is absent in the matrix

and denote the total number of populated entries (which issample size) by N = Zm_’y 1py-

Then:
() Zy loy  Number of populated entries in row x
p xTr) = =

N

Total number of populated entries
- Yot

1(Y; D), p(y), andg(d) are defined S|m|IarIy.

d
I(C,D; Z) = Z q(e,d)q(z|e, d) log z|c (z|e,d) log (%|C’ )
c,d,z c,d,z p(z)
We assum¢’ is a categorical variable, thus:
Zw,y;z(w,y)zz 1 _ Number of entries equal to z

pz) = N ~ Total number of populated entries’



. Zwy q(cz)q(d|y)lzy  Number of populated entries in section c,d
Q(c7 d) = N =

Zm,y;z(m,y)zz q(clz)q(dly) _ Number of entries equal to z in section c,d

Total number of populated entries
(j(Z|C, d) =

In the special case of complete data matritgs is identically 1 andj(c, d) may be decomposed
as:g(c,d) = q(c)g(d). In additionp(x) andp(y) accept the formp(z) = + andp(y) = --. Butin
the general case considered in this paj§eandY (and thusC' and D) are not independent.

> ey a(c2)q(dy) s,y ~ Number of populated entries in section c,d’

2.2 Sequential Optimization

Given ¢g(c|x) and¢(d|y), one can calculate all the quantities defined above, andriicplar the
minimization functionall,,,;,, = nI(X;C)+mlI(Y; D) —(I(C, D; Z) defined in equation (1). To
minimize L,,,;» (using hard partitions) we can use the sequential (greegynzation algorithm
suggested in [13]. This algorithm is quite simple:

1. Start with a random (hard) partitiafic|z), ¢(d|y).

2. Iteratively until convergence (no changes at step (b)daree) traverse all rows and
columnsy of a matrix in a random order. For each row/column:

(@) Drawz (ory) from its cluster.
(b) Reassign it to a new clustet (or d*), so that’l,,;, is minimized. The new cluster
may appear to be the old cluster, and then no change is counted

Due to monotonic decrease if},;,, which is lower bounded by-8H (Z) the algorithm is guar-
anteed to converge to some local minima of (1). Multiple mndnitializations may be used to
improve the result. This simple algorithm is by far not théyomay to optimize (1), but in practice
it was shown to achieve very good results on similar optitiozeproblems [2].

The complexity of the algorithm is analyzed in the completagnmaterial, where it is shown to be
O(M(n+m)|C||D|), whenM is the number of iterations required for convergence (Ugd&F40)
and|C|, |D| are cardinalities of the corresponding variables.

2.3 Minimal Description Length (MDL) Formulation

The minimization functional,,;,, has three free parameters that have to be externally detedmi
the tradeoff (or resolution) parametgr and the cardinalitie®”|, and|D|. Whereas in some ap-
plications they may be given (e.g. the desired number otetsy there are cases when they also
require optimization (as in the example of matrix complefiio the next section). To perform such
optimization, the Minimum Description Length (MDL) primpte [14] is used. The idea behind MDL
is that models achieving better compression of the traidatg - when the compression includes a
model description - also achieve better generalizatiorhertdst data.

The following compression scheme is defingd| row and|D| column clusters defing”|| D| sec-
tions each getting rough% samples. The corresponding distributi@rs|c, d) over categorical

variableZ may be described b ”g”D‘ log % bits (see [14]). As already mentioned, the ma-
trix partition itself may be described by (X; C) + mI(Y; D) bits. And given the partition and the
distributionsg(z|c, d) the number of bits required to code the matrix entrie¥ § (Z|C, D) [12].
Thus the total description lengthisl (X; C) +mlI(Y; D) + NH(Z|C, D) + 2SI log .
SinceH(Z|C,D) = H(Z) — I(C,D;Z) and H(Z) is constant the latter can be omitted from
optimization, which results in total minimization funatial

ZlIC]| D] N

log (2)

2 C|| D

Observe that constrained ¢@|, and|D|, £,,:, corresponding td,,,4 accepts the form of
Lomin =nIl(X;C)+mI(Y;D)— NI(C,D; Z), 3)

i.e. the optimal tradeoff = NV is uniquely determined. Since in practig,; is roughly convex in
bothC' and D, the optimal values for these two parameters may be eadiyrdaed by scanning.



Figure 1:G;, andG,,; in Multivariate 1B formulation.

2.4 Reation with the Multivariate | nfor mation Bottleneck

Multivariate Information Bottleneck (IB) [8] is an unsupésed approach for structured data ex-
ploration. Its core lies in combining the Bayesian netwdidsnalism [15] with the Information
Bottleneck method [4]. Multivariate IB searches for a meaful structured partition of the data,
defined by compression variables (in our case thes€'arad D). Two graphsG;,, andG,,, are
defined. The former specifies the relations between the ifgjata) variables — in our casg,, Y/,
and Z — and the compression variables. The latter specifies tloeniaftion terms that are to be
preserved by the partition. A tradeoff between the mufiximation preserved in the input struc-
ture /&~ (which we want to minimize) and the multi-information exgsed by the target structure
IGo« (which we want to maximize) is then optimized. For a set ofaldesy = V;,...V,, a
directed acyclic graph (Bayesian netwotk) and a joint probability distribution ove?, p(V), the
multi-information 7% (V) is defined as:

n

I9p(V)] = ZI(%; Pa%(V;)),

wherePa%(V;) are the parents of nodé in G.

The graphs<7,,, andG,,; corresponding to our case are given in Figure 1. (The daghletétween
X andY in G;, appears when missing values are present in the matrix andmakosen in any
direction.) The corresponding optimization functional is
min  I9"(X;Y;Z;C; D) — BI%"(X;Y;Z;C; D)
q(clz),q(dly)
= ‘H)lir%d‘ )I(X;Y) +I(X,Y;2)+I(X;C)+1(Y;D) - BI(C,D; Z).
q(c|z),q(aly
By observing thaf (X,Y’; Z) andI(X;Y") are independent af(c|z) andg(d|y) we can eliminate
them from the above optimization and obtain exactly themizttion functional defined in (1), only
with equal weighting of (X'; C) andI(Y’; D).

Thus the approach may be seen as a special case of the niadéudr for the graphss;,, andG.¢
defined in Figure 1. An important distinction should be maasugh: unlike the multivariate IB
we do not require the existence of the joint probability rilisttion p(«x, y, z). This is achieved by
excluding the tern1 (X, Y’; Z) from the optimization functional.

2.5 Relation with Information Based Clustering

A recent information-theoretic approach for cluster as@lys given in [10], and is known as infor-
mation based clustering, abbreviated@ast. In contrast to the original IB methottlust is equally
applicable to co-occurrence as well as non co-occurrentee bfethe following we highlight the re-
lation of our work and this earlier contribution.

By changing the notations used in [10] to those used here wencde the similarity measure
s(x1,z2) used in [10] as:

p(y)p(21, 22|71, 22, 9)
s(z1,2) = p(y)p(21, 22|71, T2, y) log
ZIZ;Z Zy: Zyl p(y1)p(z1lz1,y1) Zy2 p(y2)p(22|w2,y2)




Table 1:Clusters coherence for the ESR and S& P stock datasets. The table provides the coher-
ence of the achieved solutions . = 5,10, 15 and20 row clusters. The results achieved by the
Iclust algorithm at the same settings are shown in bracketgyside the results of our algorithm.
For the ESR data an average coherence according to the treésGhown. Separate results for
each GO are provided in the supplementary material

Dataset N.=5 N.,=10 N.=15 N.=20

ESR  69(79) 53(49) 50(52) 42 (42)
S&P  94(88) 83(91) 92(93) 86 (86)

= I(Zl, ZQ‘Il,IEQ).

Substituting this in the optimization functional of [L0hanging maximization to minimization by
flipping the sign, and substitutirg = - We obtain:

mm I(X;C) - ﬁz Z (z1le)q(z2lc)s(x1, z2)

clx
a(clz) T1,T2

= min I(X;C) — 8 Z c,x1,x2)I(Z1; Za|xy, x2),

~ glela) =
:

which is reminiscent of equation (1) if no columi’) grouping is done and cluster variance is
measured through pairwise distances and not based on aidantrdel.

Importantly, in order to be able to evaluatéZ;; Z-|z1, x2), I-Clust requires a sufficient amount
of columns to be available, whereas our approach can opeititeany amount of columns given.
Alternately, even when the data contain many columns, lirelatively sparse.e., have many
missing values, evaluating(Z; Zz|x1, z2) might be prohibitive as it requires a large enough in-
tersection of non-missing observations fgrand z,. In our approach it is not a limitation. On
the contrary, the approach is designed to cope with this &fmata and resolves the problem by
simultaneous grouping of rows and columns of the matrix tpldynstatistics.

3 Applications

We first compare our algorithm to I-Clust, as it was shown tsiyeerior/comparable to 18 other
commonly used clustering techniques over a wide range ofcapipn domains [10]. We then
describe an experiment on matrix completion. Another apfithn to a small dataset is provided in
the supplementary matertalin the last two cases Iclust is not directly applicable. Thetivariate
IB is not directly applicable to all the provided examples.

3.1 OneDimensional Clustering - Comparison to I-Clust

We focus on two applications reported in [10]. For purpoge®mparison we restrict our algorithm
to cluster only the rows dimension of the matrix by setting ttumber of column cluster$D)|,
equal to the number of columns;. This simplifies the objective functional defined in equatio
(1) to Lynin = I(X;C) — BI(C,Y; Z). (To have a similar form to [10] we incorporate factor
multiplying I(X; C') in 5.) For both applications we use exactly the same setting@sificluding
row-wise quantization of the input data into five equally plaped bins and choosing the same
values for thes parameter.

The first dataset consists of gene expression levels of yeas in 173 various forms of envi-
ronmental stress [16]. Previous analysis identified a gmfug 300 stress-induced ang 600
stress-repressed genes with “nearly identical but oppgsitterns of expression in response to the
environmental shifts” [17]. Thes@00 genes were termed the yeast environmental stress response
(ESR) module. Following [10] we cluster the genes ifti$ = 5, 10, 15, and20 clusters. To assess

!Supplementary material is available at http://www.cs.huji.aesi#ldin



the biological significance of the results we consider d¢bleerence [18] of the obtained clusters
with respect to three Gene Ontologies (GOs) [19]. Speci§idhle coherence of a cluster is defined
as the percentage of elements within this cluster that angn annotation that was found to be
significantly enriched in the cluster [18]. The results agbd by our algorithm on this dataset are
comparable to the results achieved by I-Clust in all thefiggtisettings - see Table 1.

The second dataset is the day-to-day fractional changé®iprice of the stocks in the Standard &
Poor (S&P) 500 list, during 273 trading days of 2003. As with the gene expressaia we take
exactly the same setting used by [10] and cluster the stot&$@’| = 5, 10, 15 and20 clusters. To
evaluate the coherence of the ensuing clusters we use thalGhalustry Classification Standard
which classifies companies into four different levels, oigad in a hierarchical tree: sector, industry
group, industry, and subindustry. As with the ESR datasetesults are comparable with the results
of I-Clust for all the configurations - see Table 1.

3.2 Matrix Completion and Collaborative Filtering

Here, we explore the full power of our algorithm in simultane grouping of rows and columns of
a matrix. A highly relevant application is matrix completie given a matrix with missing values

we would like to be able to complete it by utilizing similagis between rows and columns. This
problem is at the core of collaborative filtering applicagp but may also appear in other fields.
We test our algorithm on the publicly available MovieLen®KQlataset The dataset consists of
100,000 ratings on a five-star scale for 1,682 movies by 94&u¥Ve take the five non-overlapping
splits of the dataset into 80% train on 20% test size provatdtie MovieLens web site. We stress
that with this division the training data are extremely sparonly 5% of the training matrix entries

are populated, whereas 95% of the values are missing.

To find a “good” bi-clustering of the ratings matrix, minination of 7,4 defined in (2) is done
by scanning cluster cardinalitié€’| and|D| and optimizingZ,,;,, as defined in (3) for each fixed
pair of |C|, |D|. The minimum ofF,,q is obtained a{C| ~ 13 and|D| ~ 6 with beyond 1%
sensitivity to small changes ii’| and in|D| both in F,,,4 values and in prediction accuracy. See
supplementary materfafor visualization of the solution a€| = 4 and|D| = 3.

To measure the accuracy of our algorithm we use mean abseiude (MAE) metrics, which
is commonly used for evaluation on this dataset [11]. Thermaasolute error is defined as:

MAE = % vazl |z; — ri|, wherez;-s are the predicted ang-s are the actual ratings. To convert
the distributionsj(z|c, d) we obtained in our clustering procedure to concrete priedistwe take
the median of: values within each sectiand.

Note that our algorithm is general and does not directlyrojzéé the MAE error functional. Nev-
ertheless we obtain 0.72 MAE (with a deviation of less th&i @ver multiple experiments). This
confidently beats the “magic barrier” of 0.73 reported in¢b#aborative filtering literature [11].

The root mean squared error (RMSE) measured for the samershgswith a mean of values
within each sectiom, d taken for prediction yields 0.96 (with a deviation belowD).0This is much
better than 1.165 RMSE reported for a dataset 20 times I1§28¢and quite close to 0.9525 RMSE
reported by Netflix for a dataset 1000 times larger of a sinmitgture.

4 Discussion

A new model independent approach to the analysis of data gimbie form of samples of a function
Z(X,Y) rather than samples of co-occurrence statisticXaindY” is introduced. From a theo-
retical viewpoint the approach is a much required extensfahe Information Bottleneck method
that allows for its application to entirely new domains. Hpgroach also provides a natural way for
bi-clustering and matrix completion. From a practical yi@wt the major contribution of the paper
is the achievement of the best known results for a wide rahgpmications with a single algorithm.
As well, we improve on the results of prediction of missindues (collaborative filtering).

2pvailable at http://www.standardpoors.com
3Available at http://wrds.wharton.upenn.edu
“Available at http://www.grouplens.org
5See http://www.netflixprize.com/rules



Possible directions for further research include germatiin to continuous data values, such as
those obtained in gene expression and stock price data,etancation of the algorithm to “soft”
clustering solutions. Another interesting extension wolé to dimensionality reduction, rather
than clustering, as occurs in IB when applied to continuaugbles [21].

The proposed framework also provides a natural platfornmdégivation of generalization bounds
for missing values prediction that will be discussed elseeh
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